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QOutline

|. Introduction to Kondo model
What, who, why...

II. The Kondo model at equilibrium
Brief and partial survey of the toolbox
« Scaling
« Strong coupling
* Integrability

I1l. Out-of-equilibrium Kondo model: super Fermi liquid



History

Measurements of metal resistivity at low T (1936)

= Resistivity increases when T is lowered below some characteristic temperature
=» This characteristic temperature decreases when the metal is purer

W. J. DE HAAS AND G. J. VAN DEN BERG

180,

esistance-temperature curve of gold has been investigated for 7 7@
lifferent wires.

§ 2. Description of the experiments. The electrical resistance has b i
reen measured witha Diesselhorst compensation apparatus
w comnaring the naotential differences hetween hoth ends of the 15 /{/
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History

Explanation (1964) by J. Kondo:

= Magnetic atoms (impurity) cause extra-scattering for conduction electrons
= Anti-ferromagnetic Kondo model furnishes a quantitative explanation

: minimum deduced {rom these observations m:
1 with the existence of localized magnetic mom:

e only case of alloys of Au with the second ser J. Kondo
shows a minimum in resistivity is the alloys wit
se where negative magneto-resistance is found mental observations, Now our calculation show

olved.® We also find no resistance minimum 1n all
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the Kondo model

Kondo model (J. Kondo,1964)

H=Y > echochatd S0): Simp

koa=1,) \

coupling

S(z) = Z cl () 0(;,5 cg(x) impurity spin
e (s=1/2)




the Kondo model Is:

* Archetypical

Coupling of a single DoF (2-level system) to a Fermi sea
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« Universal ] :

All low energy properties depend on a single energy scale Ty

* Non perturbative

Hard problem !



Kondo models

« Change the impurity spin size : s=1/2,1,3/2 ....
« Add channel degeneracy (several Fermi seas): k=1,2,3...

« Enlarge the symmetry group
SU(2) =2 SU(N)
N=4 : realized in Quantum Dots
N-> : as theoretical trick (heavy fermions)

SU(2) - SO(N)
exotic Kondo effect

In this talk, only the original Kondo model will be discussed
» k=1 (one channel)
» s=1/2



Kondo model popularity
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Il. Equilibrium Kondo

Some tools for describing Kondo effect
« Scaling and strong coupling
* Fermi liquid picture

« Bethe Ansatz



« Kondo’s result : big problem at low T ! Perturbation theory is ill-defined

knT
R = R, [1 —4Jphn (%) +

Density of states at Fermi level Electronic bandwidth Higher powers of In(ks T/D)

* Resummation of most divergent terms (Abrikosov 1965):

R = Ho kT Dex (—L)
B [1—1—2JpFln (kBTT)}Q > . ’ 2‘]@

* What happens when T approaches T, ? How to describe it ?



Scaling - 2

Renormalization Group: Anderson (1970) confirmed numerically by Wilson (1974)

Idea : reduce the high energy cutoff (bandwidth D) and define an effective coupling
(« running coupling constant ») J(D)

(@A) ko qt k’c’

Result: ‘JR(A:)) :‘-: ’?
dJ(D) 2 i At .
dln D - _QpF(J(D))

0 : >
yt, /D




Strong coupling picture - 1

Ingredients: - Lattice model: semi infinite chain
- Infinite Kondo coupling J/t =

4 N

hopping { Kondo coupling J

« Formation of (infinitely bound) singlet
=>» the impurity spin is screened:
Groundstate of the Kondo model
« Last site effectively decouples
=» electrons experience phase shift /2



Strong coupling picture - 2

Expansion at large J/t (Nozieres 1974):
« Assume finite J/t adiabatically deforms the eigenstates
« Assume the scattering matrix on the Kondo singlet is analytical

LOCAL FERMI LIQUID -> physics depends on 2 phenomenological parameters

ends only on the spin and energy Note that (3) is an exact de
Equivalent to an effective theory: H = Hpreo + TLOQ(x =0)
K
free electrons (with phase shift 7/2) \

effect of the singlet fluctuations



Integrability

The kondo model possesses an infinity
of converved quantities

—> Integrable (Andrei, Tsvelik, Wiegmann 1983)

—> Eigenstates can be obtained exactly:
—> They can be described as quasiparticles
- These quasiparticles scatter nicely on the impurity (factorization)

- Thermodynamics can be obtained at arbitrary energy:
susceptibility y(T/Ty)
specific heat C(T/Ty)



lll. Out-of-equilibrium Kondo

» Several baths (macroscopic, at equilibrium)
 Out-of-equilibrium forcing
 Flow (of charge, spin, energy, ...) through impurity

Questions: currents [(Lq,Hy,...) ?
fluctuations AI(L{,Up,...) ?
state of the system ?




« Nano-impurities »

Quantum dots:
= 2D electron gas

/

Molecules: metallic electrodes

= Dbreak junctions
=» electromigration
GaAs Al Ga, As AN

(C. Marcus, Harvard)

= Quantum Hall edge states

(W. Wernsdorfer,
Institut Néel)



Modeling the baths

Modes that couple to the impurity are 1D (conduction channel)
Linearize the spectrum

—_— —

Ho[]= 3 -iv, j X[ ()8, ¥ (%) — WL (008, ¥y, ()]

a=1,2

unfolding
(1) S
— . >

(2) A

Ho[W]= > —iv, jdx ¥ (x)0, P, (X)

a=1,2

ﬂ Chiral theory involving only right-moving fields: scattering problem




Modeling the baths

HW]= X —iv, [dx %/ (02,9, (4

a=1,2

ﬂ Chiral theory involving only right-moving fields: scattering problem




Scattering matrix S

 Without interactions:
« S factorizes in one-body scattering matrices S
 Landauer Buttiker formalism works

| = ( dE (f,(E)- £,(E)) IS, [(E)

« Generically, with interactions:
* Sis genuinely many-body: particle production
« Landauer Buttiker fails

* Integrable model
» Existence of quasi-particles with factorized scattering: GOOD

« Write the (electronic) incoming Fermi sea’s in terms of integrable
guasiparticles: VERY HARD IN GENERAL: BAD

* Some exceptions...



Integrability + non-equilibrium

a few available solutions !
« Dressed TBA

— Quantum Hall edge states tunneling (P. Fendley, A. Ludwig, H. Saleur 1995)

— Self-dual Interacting Resonant Level Model (E.B., P. Schmitteckert, H. Saleur 2008)
* Map to equilibrium problem

— Boundary sine Gordon model (V. Bazhanov, S. Lukyanov, A.B. Zamolodchikov 1999)

- Effectively non-interacting systems (map to free fermions)
— 1-ch Kondo (A. Schiller, U. Hershfield 1998) Toulouse boint
— Luttinger Liquid (A. Komnik, O. Gogolin 2003) ulouse p

— 2-ch Kondo (E. Sela, I. Affleck 2009) QCP & vicinity



The game is not over

 Integrable theories have nevertheless a rich
structure:
— Infinite number of conserved quantities
— Renormalization group flow is controlled non-perturbatively

One can use this rich structure to develop a
controlled expansion out of equilibrium, in the
strong coupling regime (at least in some cases)

s ntegrable Strong Coupling ExpansionV, T, W,... £ T,



Weak - Strong Coupling

H H,+ 3 Hg S,mp S, . (0)
A 4
baths impurity/bath Spin exchange
coupling

JR (AE)
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UT,
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Weak - Strong Coupling

pPdAd |

H/H + 3 /],{ - slmp? i (0

baths impurity/bath Spin exchange 02

coupling ﬁ-’ llTK 1/E

Weak coupling limit, E >> TK

D - G




Weak - Strong Coupling

. . Ir(E) o
A :

H= H,+JHy =5 0)
im bah
baths impurity/bath Spin exchange 02

coupling — S 1/TK 1/ E

Weak coupling limit, E >> T Strong coupling limit, E << T
At low energy :

strong coupling regime
“Physics is non perturbative”



Weak - Strong Coupling

J 'R (AE) “. "a

1

ut, BYE

Strong coupling limit, E <<'T,

At low energy
strong coupling regime
“Physics is non perturbative”

« Kondo resonance is a
strong coupling phenomenon »



‘Standard’ perturbation theory

» Keldysh method:

« allows for a formal expression of the out-of-equilibrium density matrix
nt)= 2%(0,t) HO) %(0,t)™ 2(0,t) = pe'ntts®

* but how to evaluate/resum the perturbative expansion?
Fails in the strong coupling regime

» Need for a non-perturbative approach: Integrability !



Strategy

Run the RG backwards
Want to describe the strong coupling regime T,V, w...E TK

1. Incorporate out-of-equilibrium forcing AT the strong coupling fixed point
IITK :¥II
2. Use Integrability + Keldysh to build the (many-body) scattering matrix

3. Expand in inverse powers of T

Net result:
- Exact effective operator encoding
out-of-equilibrium + many-body scattering

- Taylor expansion of the universal scaling functions
for local observables, at arbitrary order in principle



Strong coupling fixed point

« Perturbation is relevant I=(E) O
« Strong coupling fixed point ;
described by BCFT .
’ yt, UYE
Weak coupling Strong coupling
(UV fixed point) (IR fixed point)

« Step 1: Out-of-equilibrium SC fixed point (TK — ¥)



Strong coupling fixed point

+ Boundary conditions: F(x=0") =B x F(x =07)

- “Transparent fields”: F (x<0)=F (x) ; F (x>0)=B*F(X)
They don’t see the impurity!

BC for fermions: ©/2 phase shift Y1/2(X <0)= Y1/2(X)

Y,,,(X>0) = Y5(X)
Y, Y

A > i
fn =LA Y2> X rw=hHL AL

* Forcing out-of-equilibrium easily represented!

« Amounts to a gauge transformation Z{,Equ(z) for the transparent fields

r B
 HolYy1 - mQ, ~ HolY,] - mQ, (1) = (2e2/h) (/771(’() - /772(’[))
r. | e ket A e T2 - Recover the linear regime
\._for the charge current

J




Around strong coupling

(- Integrability =» dual hamiltonian) Physics is controlled
¥ R by backscattering (many body!)

H = HOSC t é ngn_l OZn(X = O)
o () Q - >
\_ ) >
TK

Weak coupling
(high energy fixed point)

> Strong coupling
= (low energy fixed point)
> X
. >— , :
Derive out-of-equilibrium density matrix

2
=> Linear regime: | :2%



Dual theory

H=HE+HTE  HE=8 2o O, =0

The operators O oy are the (infinitely many) conserved quantities
stemming from integrability.

The couplings g, are pure numbers, fixed by integrability. (Lesage, Saleur 1999)

Fermi liquid: the least irrelevant operator is O,=T, an energy
momentum tensor.

Higher order processes havedimensions =4,6,8,...

Backscattering transfers integer charges (electrons)
“SUPER FERMI LIQUID”



Keldysh expansion

Step 2. Many-body scattering
» Start attime t = —¥ at the SC fixed point (T, =)

> -Hg® Ik
. X r-¥)=rg ="

« Switch on backscattering at time t=0

TK (’[)A > AN
v U()= AeE 7o
>




Effective operators

In a super Fermi liquid, the Keldysh expansion bears a simple form:

K

Az)— , = Al——
] 2 - S t
l; 2

» Each (local) operator can be replaced by an effective operator:

Complete many-body scattering




Effective operators

 ALL interactions processes are described by a dressing

by scattering when crossing the impurity:

—>

e > -—o—'—b:.:

y X . X
(x) A (x)

X =0 X =0

(A e = Uoea(D) - Uio(D) - AD).




Summary

A simple formula

(A(#) In.eq. = (Aecrs o

can be expanded in powers of 1/ 1'% : non-linear effects to arbitrary order !

Contours + CFT relations :
, Algebraic (computer-friendly) reformulation

I PT is finite: No UV divergence !

Exact formula! Directly gives universal results

Versatile formulation V, 11, w, T, t, B, €4...

Integrable models with integer conserved quantities only

Not always easy to find conserved quantities and couplings



The price to pay...

Electrical current operator : initial fermions

Ips = 1/2((411911) — (WItpar) + (] ¢1y) — (1 4021))



The price to pay...

Electrical current operator : Transparent fermions

—5 sin{#) cos{#)(cos(£) — 1) + sesin(#)sin(£) (W) (Wt ))

- —

+3 sin(f) cos(#)(cos(£) — 1) + 5t sin| @) sin(E)( (W) (Pas)T)

Zeroth order 2 2
l L i ¥ . 3 E ks . s
+ 5 [Hill“{ﬂ_] cos(£) +cos(0)) (W) (W)
1 ' L Jr . s ) . " .
X +5 (—sin®(#) cos(§) — cos™(8)) ((War)"(¥ar))
Ips )

+ — —sin(#) cos(#)(cos(E) — 1) — _7}.':-FlI]l:rJ':IHlllI_E_:il'lI_'lr’|f_,1Tl:'l"gL:1._I
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+5 sin(f) cos(@){cos(£) — 1) — a? sin(#) sin(€)((¥q ) (P2 )")
l s i ah P 3 4 Ty %
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The price to pay...

Electrical current operator : Transparent fermions
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The price to pay...
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The price to pay...

order 1/(T«)®, 10 GB, 1 km?

order 1/(Tk)4 1 MB, 100 m?
N

order 1/(Tk)?, 4KB, 0.2m?
order 1/Tk, 400 Bytes, 0.01m?

x 10



DC current

DC bias applied to the two baths

Net analytical result : current

o .2 3 252/ 34+6574+57 cos 260 ) sin[0]2V°
I(V)=2 sin® gV — sin"0V" ( ) sinfe]

/ ATZ 19207 T4

linear response Fermi Liquid result

4 aiT)

Temperature dependence of non linearity captured !

— Kondo
S— |RL“ D:I_ﬂ?

I(V)/IoV = (1 + a(T)T/Z/Té + ) o

+O[VT/T}]

0.15 0.20 0.25

0.30



DC conductance

DC bias: Universal differential conductance G=dl/dV Rescaled quantities

X = XIT,

Fixed point Fermi liquid corrections
G(V,T,h)

¥ o _ i _
—(1 - CTT2 — {Ivcfvz - (IhCThz]
Go

A V22 (yy Vi +yr T2 +yph®) + prpci T2 h? + ppcah® + ppc T |
~ VS (ky V2 + k7T +kph?) - T3.(By V2 + Br T? + Brh?)

—h* (v VA + X1 T2 + xnh®) =y rrer VAT h* + O (T )

NEW ! h g

ay=3/212=~015 cp=n%/4=246  q,=1/a%=0.10

Yy = 252v’§+6458:r;-25;rc0520 ~ 0.04 yr= ?Zv@HZII;—}rcusZH ~ 1.44%0:03 Yn= 3(5v/3+ 1)/ 75 ~0.12
prh=206vV3+m)/n® =152 pT=§+%§ = 5.64 pr = (6v3+m)/3n° =0.02




DC conductance

DC bias: Universal differential conductance G=dl/dV

Fixed point Fermi liquid corrections
GV,T,h) (¥ _, = _,
= l—CTT —(IchV —(IhCTh

r+ I_fzc%{yVﬁz +TTT2 +yh17zz) +p;rhc?~T2P_:2 +phc§E4 +pTc%T’4 )
~VAS ky V2 +xp T2 +x,h?) - TAS.(By V2 + Br T? + Brh?)

/' RS (v VP + y T2+ xnh®) =y e VET? W2 + 6(Ty)

\, J
NEW !
w1, = 12960+190265+7308/3n+420m* . _ 5265+7375y/5+2826v/3m+150m° x, = 1215+1850y/5+756y/3n+357°
v 72075 T 3675 h 120=F
=0.01 =1.11 =0.08
44554630045+ 2376y 3+ 121" _ 2[14580+21250v5+8316y3n+427m7) _ 2{3240+4600v5+1674v3m+751%)
Bv = 15a7 pr= 315m Pr= 4577
=22.36 = 71.77 =10.66
_ B[L17+175v5+5643m+2n%) _16[117+175v5+56v3n+2m%) _ {45(3+5v5)+60v3m+2n)
- p T= ER Xn= 4578
=0.70 = 4,62 = 0.002

_ 4428+605045+2 160/ 3n + 962
T Th = 1276

= 2.66




AC forcing

AC bias applied to the two baths

Impur_ity'

et Tyt MQuantum wire (2)

/ 'Ltl"{'j. 11{

-

@ Quantum wire ?f)

V cos(wt)

T Re :Yl Vei’wt]

, iYS VS GtSu?t]

- SR
I RE _Krj vuctuurt]

== i

Higher harmonics can be captured ! Y, (V3 W, T)



AC forcing

AC bias applied to the two baths

5 % discrepancy with

0.06 |Y3|(mb/—_\ /po Of'der

3rd harmonic : o —
0.04 = |RLM D=1/2
=== |RLM D=1/4
0.03
0.02 /—_\
0.01 \\\ /_,,—
\\\ ‘/'/ Ty
0.00 s o
~0.3 -0.2 -0.1 0.0 0.1 0.2 03
2.0
C(m)
. . . 1.8
Capacitance C(T) , imaginary part of Y; (T)
16 - Kondo
— IRLM D=1/2
14

=== |[RLM D=1/4

-
-
-
-



Noise

NOISe power Spectrum 7 J— m: ...............................................................................................................

Sw) = 0t e ((101(0) - (1))

Fano factor (« effective charge »)

F = SO) /el BS - : ::T::m;z
5 , :
. At V — 0 : F — 5 Sela et al. + Gogolin et al. 00 o2 2 5 ua in o
(PRL 2006)

- Finite voltage corrections (C =c0sg):

(C? —1) (7 (25C? + 153) — 18y/3) V2

1
F=g(5-8C%+ 360712
((013291—Fu8287GWI_+—3T6866uf1ﬂ—kBTETuﬂl)(72 4263072 — 31386637 — 475625v/5 — 276372) V*
60480072774
+(gmw%ﬂﬁ—7u&w2+5mh£1-&ﬂuﬁr—1hﬁ—)C}L‘

604800721



Noise

At T=0 : non-analycities

4sin”(#)
T (W2 + 4)°

W sin?(0) cos(6)
Cw (W2 +4)%Tg

SO(w,V,0) =

((V —w

+ |V 4+ w| (8V cos(20) + W*(V +w) —4(V —w)) + 32V |w

Derivative of the noise at low temperature :

Non analycities at T=0 are rounded by temperature

+ |V +w

0.0

dS/de
0.5}

T

T

V=0.3Tp

) (4 cos®(0) + W?) + 8|w|sin?(8))

(|V — w| (8V cos(20) + W*(V — w) — 4(V +w))

sin”(6))

‘‘‘‘‘‘‘‘‘
bl
===
r—

el
=
hI|.

T=0.01T5
— h=0Ts

—=- h=0.4 Ty
— h=0.8 Ty

waE 4

00

.0-5.

1.0



Conclusions

v Kondo physics is rich and ... not exhausted
(both for experiments and theory)

v Kondo effect revealed by high-frequency noise?

v The super Fermi liquid approach yields exact results for generic
perturbations: T, frequency, magnetic field, particle-hole asymmetry

v Yet charge fluctuations on the dot are NOT described !



Thank you!



The s=% Kondo model

:Impurity:

i+, 1

Quantum wire (1) T Quantum wire (2)

s

) =

L

w4
Spin-flip processes

gy

Kondo stems from Anderson model l\iﬁj

Parameters: - bare exchange coupling J
- anisotropy of couplings to the wires 6



Modeling the baths

Modes that couple to the impurity are 1D (conduction channel)
Linearize the spectrum

éﬁ @
1 ‘* 2
(1) O) ¢ (2)
Ho[YT= @ =iV 0 XY ()Y (X) - YL () 7,Y, (¥)]
(1) S
_— ’ =
(2) *
- - ~

¥
Ho[Y]1= @ -ive 0 dx Y] (1Y, (X)

a=1,2 -¥

ﬂ Chiral theory involving only right-moving fields: scattering problem




Modeling the baths

Modes that couple to the impurity are 1D (conduction channel)
Linearize the spectrum

éﬁ b
1 ‘* 2
(1) O) ¢ (2)
Ho[YT= @ =iV 0 XY ()Y (X) - YL () 7,Y, (¥)]
(1) S
+ : >—
n= AL (2) % r,, =77
- =

¥
Ho[Y]1= @ -ive 0 dx Y] (1Y, (X)

a=1,2 -¥

ﬂ Chiral theory involving only right-moving fields: scattering problem




Strong coupling fixed point

. Perturbation is relevant 9-(E) O
« Strong coupling fixed point ;
described by BCFT .
’ yt, VE
Weak coupling Strong coupling
(UV fixed point) (IR fixed point)

« Step 1: Out-of-equilibrium SC fixed point (TK — ¥)



Strong coupling fixed point

+ Boundary conditions: F(x=0") =B x F(x =07)

- “Transparent fields”: F (x<0)=F (x) ; F (x>0)=B*F(X)
They don’t see the impurity!

BC for fermions: ©/2 phase shift Y1/2(X <0)= Y1/2(X)

Y,,,(X>0) = Y5(X)
Y, Y

A > A
fn =LA Y2> X rw=hHL AL

* Forcing out-of-equilibrium easily represented!

« Amounts to a gauge transformation Z{,Equ(z) for the transparent fields

 HolYy1 - mQ, Hol Y] - mQ, (1) = (2e2/h) (m(t) - m(t))

r, | e E A e T2 - Recover the linear regime
for the charge current




“Doping” a CFT

« The strong coupling fixed point has conformal symmetry ; transparent
fields |~: are holomorphic (functions of z = i(t-x) )

* The forcing out of equilibrium can be absorbed by a gauge
transformation (« doping ») Y(2) = % ¢,,(2) ¥ Y(2)
U= 1 X (2=i(t-%) = 0

t

(1)

« It's a deformation of the CFT (no geometrical interpretation unlike finite
temperature CFT)

Original basis Transparent basis Out-of-equilibrium
transparent basis \

Y Y

conditions

mixing in -
each level mixing

Id Id among levels ¥ [



From weak to strong coupling

Physics is controlled
by backscattering (many body!)

= =

Weak coupling
(high energy fixed point)

> Strong coupling
> (low energy fixed point)
~ X
>

Derive out-of-equilibrium density matrix



Dual theory

H=HE+HTE  HE=8 2o O, =0

The operators O oy are the (infinitely many) conserved quantities
stemming from integrability.

The couplings g, are pure numbers, fixed by integrability. (Lesage, Saleur 1999)

Fermi liquid: the least irrelevant operator is O,=T, an energy
momentum tensor.

Higher order processes havedimensions =4,6,8,...

Backscattering transfers integer charges (electrons)
“SUPER FERMI LIQUID”



Keldysh expansion

- Start attime t = —-¥ at the SC fixed point (T, = ¥)

> -Hg~ Ik
. X M-¥)=rg =g/

« Switch on backscattering at time t=0

r(t) =U(t) reu ()’

ya U= pe'
>




Effective operators

In a super Fermi liquid, the Keldysh expansion bears a simple form:

K

At— = —AE——,
f t t N =————
t 5

» Each (local) operator can be replaced by an effective operator:

Complete many-body scattering
A¥ (2) = @ . A®2)

-igdt Hg (t)

¥
ze* -A@=a“Llod,.. Qdt
n=0 z z




